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We derive a thermo-hydrodynamic theory for particles and energy flow, based on a nonequilibrium
grand-canonical ensemble formalism. The time-dependent kinetic coefficients are explicitly given in
terms of microscopic mechanical quantities. The time evolution equations describing the coupled
flow of energy and particles are derived. The second-rank tensorial fluxes of current of energy and
particles present in the nonequilibrium ensemble are nondiagonal. We obtain a generalized Fick’s
Law, which presents the effect of the energy flow on the particle diffusion equation. ©2004
American Institute of Physics.@DOI: 10.1063/1.1688757#
I. INTRODUCTION
The generalization of Fick’s law has been in the last
decades a matter of controversy in the statistical mechanics
community. Several approaches, taking into account cases in
which intermediate to short wavelengths dominate the mo-
tion in the system, can be found in the classical book by
Boon and Yip.1 This more realist description of a flow of a
fluid is of interest in experimental and technological
situations.2,3
The transport of matter and energy has recently been
considered with the employment of decoupled equations of
motion by Jouet al.4,5 The current of particles was written in
terms of a Mori-type continuous-fraction expansion. It en-
compasses Burnett and super-Burnett contibutions,4,6 or
Guyer–Krumhansl-type contributions5,7 for the current of
energy. The approach was based on a grand-canonical en-
semble generalized to describe systems driven arbitrarily out
of equilibrium.8–10 We consider here the transport of mass
and energy in a more realistic model, the flows of particles
and energy are considered as a coupled motion. The theory is
extended to dealing with the flow of fluids under shear
stress.11 We also discuss the fundamental problem of the
choice of basic dynamical variables in the context of the
considered nonequilibrium grand-canonical ensemble for-
malism.
In Sec. II we describe the model of the system we study,
namely a fluid of fermions interacting with a thermal bath
consisting of a fluid of bosons, and the basic nonequilibrium
thermodynamic variables are also defined. In Sec. III we
present the equations of evolution for the macrovariables
taking into account the off diagonal elements of the second-
rank tensorial fluxes of energy and particles. In Sec. IV we
derive the generalized Fick’s law, and analyze the case where
the off diagonal elements of the second-rank tensorial flux of
current of particles and energy are neglected, as assumed in
Refs. 4 and 5.
II. THE SYSTEM AND THE DYNAMICAL VARIABLES
Let us consider a fluid of free fermions driven inhomo-
geneously out of equilibrium, and interacting with a thermal
bath of bosons, which is taken as an ideal reservoir in equi-















We have omitted the spin index in Eqs.~2! and ~3!, ek and
\vq are the energy dispersion relations,Vq is the matrix
element of the interaction, andc(c†) and b(b†) the usual
annihilation~creation! operators for fermions and bosons, re-
spectively. Moreover, we take for the sake of simplicity a
parabolic energy dispersion for the fermions, namelyk
5\2k2/2m and an Einstein model for the bosons, i.e., their
frequency dispersion relation is a constantv0 .
The set of dynamical variables, used to describe the flow
of the fluid of fermions, is defined within a generalized
grand-canonical ensemble,8 these are the densities of par-
ticles, n̂(r ), of energy,ĥ(r ), and their fluxes to all orders,
I n
@ l #(r ) andI h
@ l #(r ), with l 51,2,... . The basic dynamical vari-
ables in the reciprocal space,n̂(Q), ĥ(Q),...,I n
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† ck21/2Q , ~7!
whereEkQ5(ek1Q/21ek2Q/2)/2 andu
@r # denotes the tenso-
rial product ofr vectorsu~k,Q!. The latter is not dependent
of Q in the parabolic band approximation, and it is the group
velocity of the fermion envelope, i.e.,u(k)5\k/m.
The associated macrovariables set is indicated by
$n(Q,t),h(Q,t),$I n
@r #(Q,t)%,$I h
@r #(Q,t)%%, and is obtained
performing the average of the basic dynamical variables over
the nonequilibrium grand-canonical ensemble, that is
I n~h!
@r # ~Q,t !5Tr$ Î n~h!
@r # ~Q!r̄~ t !%. ~8!
r 50 denotes density of particles~energy!, r 51 the vectorial
current of particles~energy!, and r>2 denotes higher-order
fluxes. The operatorr̄(t) is given by r̄(t)5exp$2f(t)
2(r(Q@Fn
@r #(Q,t) ^ Î n
@r #(Q)1Fh
@r #(Q,t) ^ Î h
@r #(Q)#%, wheref
denotes a constant of normalization. The Lagrange multipli-
ers, denoted by theF’s, are intensive nonequilibrium thermo-
dynamic variables which can fully characterize the nonequi-
librium thermodynamic state of the system as well.9,10 Both
sets, the extensive and intensive nonequilibrium thermody-
namic macrovariables, are related to each other.
The time evolution equation of the macrovariables con-
tains terms, called collision integrals, that are firstly obtained
in terms of the Lagrange multipliers.8,9 In order to obtain a
closed set of coupled time evolution equations for the mac-
rovariables, we shall rewrite the Lagrange multipliers in
terms of the macrovariables. That can be done performing
the average on right-hand side of Eq.~8! using the Heims–




1dxe2xABexA, ^¯& denotes the average over
the previously truncated nonequilibrium grand-canonical en-
semble










The homogeneous part ofr̄(t), for our system, is given by
























In Eq. ~12! b(t)51/kBT(t), whereT(t) is the nonequilib-
rium quasitemperature associated to the total energy of the
free fermions, andFN(t)5b(t)m(t), with m(t) the qua-
sichemical potential.10
After writing the macrovariables in terms of the linear
combinations of the Lagrange multipliers, we would be able
to obtain the latter in terms of the former. We discuss this
point in what follows.
The choice of basic variables: Truncation
The basic set of fluxes of energy and particles13 i not, in
general, a set of independent dynamical variables. The ten-
sorial flux of energy of orderl can be written in terms of the
tensorial flux of particles of orderl and its own flux of order
l 12, such as~Appendix A!
I h








@ l #~Q,t !, ~14!
or in direct space
I h








@ l #~r ,t !, ~15!
for l 50,1,... . It expresses, forl 50, the fact that the dynam-
ics of the density of energy is coupled to the density of








¹2n~r ,t !. ~16!
The relation given in Eq.~14! implies that the basic set con-
tains redundant informations. The crossed relations among
all of these variables imply also that the matrix associated
with the linear set of equations connecting the Lagrange mul-
tipliers and the macrovariables, Eq.~8!, is singular. There-
fore, we cannot invert this linear system of equations to ob-
tain the Lagrange multipliers in terms of the chosen
macrovariables. We shall avoid to include the three variables,
the flux of energy and of particles of orderl, and the flux of
particles of orderl 11, in our basic set of macrovariables.
The simplest basic set of independent variables able
to describe the transport of matter and energy is composed
of the density of particles, the density of energy, and
the currents of particles and energy, that is the set
$n(Q,t),h(Q,t),In(Q,t),Ih(Q,t)%. If we wish to describe
the fluid flow in more detail, we shall enlarge our set adding
more dynamical variables. We can add to this simplest set of
basic variables fluxes of energy of any order, because it will
still be a set of independent variables. But, if we add to this
set the second flux of particles, we must remove one of the
two densities, otherwise the resulting set would contain lin-
early dependent variables@cf. Eq. ~16!#.
We are interested here to generalize the Fick’s law con-
sidering the influence of the energy flow and therefore we
choose the following independent macrovariables: The total
fermi and bosons energyHF1HB , the density of particles,
n(Q,t), the vectorial currents of particles,In(Q,t), and en-
ergy, Ih(Q,t), and the tensorial second-rank fluxes of the
currents of particles,I n
@2#(Q,t), and energy,I n
@2#(Q,t).
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III. THE TIME EVOLUTION EQUATIONS
The evolution equation for the basic variableI g
@ l #(Q,t),





@ l #~Q,t !2 iQ•I g
@ l 11#~Q,t !5(
k
Gg
@ l #~k,Q,t !nkQ~ t !,
~17!
where the quantitynkQ(t) is evaluated, in the linear Heims–
Jaynes approximation and parabolic band structure, as
nkQ~ t !5C~k,Q,t !H Fn~Q,t !1 \m Fn~Q,t !•k1Fn@2#~Q,t !
^ u@2#~k!1EkQF \m Fh~Q,t !•k1Fh@2#~Q,t !
^ u@2#~k!G J , ~18!
with
C~k,Q,t !5 f k11/2Q~ t !2 f k21/2Q~ t !
b~ t !~ek11/2Q2ek21/2Q!
, ~19!
f k~ t !5@e
b~ t !$ek2m~ t !%11#21, ~20!
and the second-rank tensoru@2#(k)5\2kk /m2 is a tensorial
product of the wave number vetork. Furthermore, the tensor
of order l, Gg
@ l #(k,Q,t), in Eq. ~17!, is given in Appendix B.
Next we proceed to obtain the expressions for the
Lagrange multipliers in terms of the basic variables and,
therefore@see Eq.~18!#, a closed set of equations for the
macrovariables.
A. Laminar flow
We consider the case of a laminar flow, i.e.,¹3Ig(r ,t)
50 or in reciprocal spaceQÃIg(Q,t)50, which implies
that Ig(Q,t)5I g(Q,t)Q, where I g(Q,t) is the intensity of
the current of energy (g5h) or particles (g5n). This im-
plies that the second-rank tensorial flux of current has the
form ~Appendix C!
I g
@2#~Q,t !5Ig,1~Q,t !11Ig,2~Q,t !QQ , ~21!
and that the associated Lagrange multiplier
Fg
@2#~Q,t !5Fg,1~Q,t !11Fg2~Q,t !QQ. ~22!
This reduces the system of linear coupled equations relating
the Lagrange multipliers to the basic variables. We take, for
the sake of simplicity, the homogeneous limit of the coeffi-
cients of the system of coupled equations, those in Eq.~18!
and in the expression forGg
@ l #(k,Q,t). We also consider the
case where the quasitemperatureT(t) is much larger than the
Fermi temperature, which means that
f k~ t !~12 f k~ t !!. f k~ t !54N~pl!3/2e2luku
2
, ~23!
where N denotes the number of particles andl
5\2b(t)/2m. The evolution equations for the macrovari-
ables can be written in the following form:
d
dt




21~ t !I n~Q,t !1Qnh
21~ t !I h~Q,t !
1 i $Gnn~ t !n~Q,t !1~11D1nn~ t !!I1,n~Q,t !




21~ t !I h~Q,t !1Qhn
21~ t !I n~Q,t !
1 i $Ghn~ t !n~Q,t !1~11D1hh~ t !!I1,h~Q,t !
1D1hn~ t !I1,n~Q,t !1uQu2I2,h~Q,t !%, ~26!
d
dt
I1,n~Q,t !5Qn1n21 ~ t !I1,n~Q,t !1Qn1h21 ~ t !I1,h~Q,t !
1Gnn~ t !n~Q,t !1 iuQu2@G1nn~ t !I n~Q,t !
1G1nh~ t !I h~Q,t !#, ~27!
d
dt
I1,h~Q,t !5Qh1h21 ~ t !I1,h~Q,t !1Qh1n21 ~ t !I1,n~Q,t !
1Ghn~ t !n~Q,t !1 iuQu2@G1hh~ t !I h~Q,t !
1G1hn~ t !I n~Q,t !#, ~28!
d
dt
I 2n~Q,t !52i@G1nn~ t !I n~Q,t !1G1nh~ t !I h~Q,t !#, ~29!
d
dt
I 2h~Q,t !52i@G1hh~ t !I h~Q,t !1G1hn~ t !I n~Q,t !#, ~30!
where the quantitiesG, Q, D, andG have cumbersome ex-
pressions in terms of the matrix elements of the interaction
and the quasitemperature. They will not be given here.
We next proceed to derive a generalized Fick’s equation
from the above equations of evolution.
B. Generalized Fick’s law
We consider, for sake of simplicity, all coefficients
G, Q, D, andG of Eqs.~25!–~30! time independent. To ob-
tain the Fick’s equation we rewrite the time evolution
equation in terms of the time Fourier transform of the
basic variablesn(Q,v), I n(Q,v), I h(Q,v), I1,n(Q,v),
I1,h(Q,v), I2,n(Q,v), and I2,h(Q,v). After some calcu-
lations we obtain the Fick’s equation2 ivn(Q,v)
















dt8E d3r 8D~r 8,t8!n~r2r 8,t2t8!.
The diffusion coefficient in the reciprocal space and fre-
quency domain is given by
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2Fjh2~v!1 2iv G1hnG uQu2, ~36!
Vnn~v!511 ivQnn ; Vhh~v!511 ivQhh , ~37!
and the quantitiesj’s are also cumbersome expressions in
terms of the kinetic coefficients. That we will again omit
here.
In the limit of large wave number,uQu!1, with finite v,
we get the homogeneous limit~space-independence! of the
















We can obtain the thermodynamic limit, taking the limit of












It is interesting to notice that if we neglect the off diag-
onal elements of the second-rank tensorial fluxes~a as-
sumed in Refs. 4 and 5!, we do not obtain any space-
dependence of the diffusion coefficient. We can impose this
restriction making G1nn5G1nh5G1hn5G1hh50 in Eqs.
~25!–~30!. That implies an2(v)5ah2(v)5an3(v)
5ah3(v)50 and, therefore, the diffusion coefficient be-
comes exactly that one obtained taking homogeneous limit
@cf. Eq. ~38!#.
Another interesting case we can consider here is the
transport of material neglecting the energy flow. We reduce
our set of basic variables to the density of particles, its veto-
rial current, and the second-rank tensorial flux of the current
of particles $n(Q,t),In(Q,t),I n
@2#(Q,t)%. That is equivalent
to makeQnh
215Qn1h















G1nnH Qn1n~11D1nn!11 ivQn1n 1 2iv J . ~42!
We can see again that ifG1nn is zero, the diffusion coefficient
becomes space-independent. The space-dependence of the
diffusion coefficient comes from the the off diagonal compo-
nents of the second-rank tensorial flux of the current of par-
ticles@cf. Eq.~27!#. The time evolution equation for the latter
depends on the gradient of the current of particles
iG1nn(Q,t)QIn(Q,t). In the laminar flow regime, this gradi-
ent term is given by a tensorial product of the wave vector,
namely iG1nn(Q,t)I n(Q,t)QQ. If we consider the flux of
current of particles diagonal@cf. Eq. ~21!#, we must neglect
this gradient term. That means we are neglecting the Burnett
and super Burnett contribution to the generalized Fick’s law.
The classical hydrodynamic limit can be obtained by
taking the homogeneous limit and the limit of small fre-
quencyv→0 in Eq. ~39!. Neglecting also the coefficients






The traditional difussion equation~Fick’s equation!, namely
d
dt
n~r ,t !5D¹ r
2n~r ,t !, ~44!
can be obtained from Eq.~43! taking the limit of high tem-



























2# f k , ~48!
B~k,q!5d~Dkq2\v0!~nq112 f k1q!
2d~Dkq1\v0!~nq1 f k1q!. ~49!











2 tn , ~50!
where the thermal velocity is defined bymv th
2 /25(3/2)b21
and the characteristic Maxwell’s timetn5(
5
6)Qnn .
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IV. CONCLUSIONS
We have studied the flow of a fluid, considering the
coupled motion of particles and energy densities. The ap-
proach used is based on a generalized nonequilibrium grand-
canonical ensemble, derived in the nonequilibrium statistical
operator method—Zubarev approach.8,9
We have considered a system of free fermions interact-
ing with a fluid of bosons~thermal bath!, and derived gener-
alized Mori–Heisenberg–Langevin equations. The theory
here described allows us to go beyond the classical hydrody-
namic limit, the generalized Fick’s law, by covering situa-
tions not restricted to long wavelengths and low frequencies.
We can see also the interplay between the flow of particles
and energy. Decoupling the motion of particles and energy in
our general expressions, and taking the limitsl→` and
v→0, we obtain the classical hydrodynamical limit, recov-
ering the traditional Fick’s law.
We have shown here that the space-dependence of the
diffusion coefficient comes from the gradientlike term of the
evolution equation for the second-rank tensorial flux of the
currents of particles and energy. Therefore, its off diagonal
components should not be neglected, if we are dealing with
strong inhomogeneity in the system. The generalized Fick’s
law can be here written as a series of powers of the Laplacian
operator~Burnett-type contributions!.
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APPENDIX A: RELATIONS AMONG
MACROVARIABLES
We show here that the set of basic dynamical variables,
that includes the fluxes of energy and particles, is a set of
dependent variables. The tensorial flux of energy of orderl
can be written in terms of the flux of particles of orderl and
of order l 12. We assume a parabolic band structureek
5\2uku2/2m. It implies that EkQ5ek1\2uQu2/8 and that
@see Eqs.~6!–~8!#
I h
@ l #~Q,t !5(
k
eku




@ l #~Q,t !, ~A1!
where nkQ(t)5Tr$ck11/2Q
† ck21/2Qr̄(t)%. The first term on
right-hand side of Eq.~A1! can be written in terms of a
tensorial contraction of the the flux of particles of orderl 12
I n
@ l 12#~Q,t ! ^ 15(
k
uu~k,Qu2u@ l #~k,Q!nkQ~ t !, ~A2!
where1 denotes the unitary tensor of second order. Using the
fact thatuu(k,Qu252ek /m in Eq. ~A2! we obtain that
I n
@ l 12#~Q,t ! ^ 15
2
m(k eku
@ l #~k,Q!nkQ~ t !, ~A3!
and therefore
I h








@ l #~Q,t !. ~A4!
APPENDIX B: THE TENSOR Gg
† l ‡ OF COLLISION
INTEGRAL EQ. „17…
The collision integral of the evolution equation for
I g







dt8ee~ t82t !Tr$@Ĥ1~ t82t !0 ,@Ĥ1 , Î g
@ l ###r̄~ t !%.
Using Eqs.~4!–~7! in the collision integral above we obtain
the right-hand side of Eq.~17!, where the tensor of orderl,
Gg
@ l #(k,Q,t), is given by
Gg
@ l #~k,Q,t !5Gg,R
@ l # ~k,Q,t !1 iGg,I
@ l # ~k,Q,t ! ~B1!
and
Gh,R





@ l #~k,Q!!D1~k,Q,q,t !
1u@ l #~q,Q!Eq,QD2~k,Q,q,t !%,
Gh,I





@ l #~k,Q!!D3~k,Q,q,t !
1u@ l #~q,Q!Eq,QD4~k,Q,q,t !%.
For the fluxes of particles,Gn,R
@ l # and Gn,I
@ l # can be obtained
from Gh,R
@ l # and Gh,I
@ l # , respectively, makingEk,Q51. The





2 f k11/2Q1q~ t !!1d~ek11/2Q1q2ek11/2Q2\v0!
3~nq1 f k11/2Q1q~ t !!1d~ek21/2Q1q2ek21/2Q2\v0!
3~nq1 f k21/2Q1q~ t !!1d~ek21/2Q1q2ek21/2Q1\v0!





2d~ek11/2Q2ek21/2Q2\v0!%~ f q11/2Q~ t !
2 f q21/2Q~ t !!,
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APPENDIX C: FLUX OF SECOND ORDER
IN THE LAMINAR FLOW
We show here the form of the second-rank tensorial flux
of current of particles and energy in a regime of laminar
flow. In this case the current of particles and energy are par-
allel to the wave vectorQ. That means that in the equation of
evolution of those macrovaribles, all terms are parallel toQ,
including the divergencelike term, i.e.,Q•I g
@2#(Q,t)
5ag(Q,t)Q. Using the fact that the flux of current comes
from a sum of tensorial product of vectors, its off diagonal
components can written in terms of the diagonal ones,
namely~we neglect here the indexg, the time and the wave






















where Ĩ i j 5a2I i j . The quantitiesQi and I i j , with i , j
5x,y,z, are the components of the vector wave vectorQ
and the tensorI g
@2# . To avoid singularity in the limit ofQ→0,
the terms between brackets in Eqs.~C1!–~C3!# must be pro-














There is no singularity in the diagonal terms of the tensorial
second-rank flux of current and therefore the quantitiesh’s
are given by
h1~Q,t !52z12~Q,t !QxQy , ~C7!
h2~Q,t !52z13~Q,t !QxQz , ~C8!
h3~Q,t !52z23~Q,t !QyQz . ~C9!
Using these results in Eqs.~C1!–~C3! we obtain that the off
diagonal terms are given byI i j (Q,t)5z i j (Q,t)QiQj , with
iÞ j 5x,y,z. We can also prove thatz12(Q,t)5z13(Q,t)
5z23(Q,t)[I2(Q,t). The diagonal terms can be written in
the form I i i (Q,t)5a(Q,t)2I2(Q,t)(uQu22Qi2). Therefore,
the macrovariable flux of current is given by
I g
@2#~Q,t !5Ig,1~Q,t !11Ig,2~Q,t !QQ, ~C10!
where we have definedIg,1(Q,t)[a(Q,t)2I2(Q,t)uQu2.
Because of the linear relation between the macrovari-
ables and the Lagrange multipliers, the latter must be a ten-
sor of second order with the same form of its associated
macrovariable, the second-rank tensorial flux of current, that
is
Fg
@2#~Q,t !5Fg,1~Q,t !11Fg2~Q,t !QQ. ~C11!
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